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Resonant active-sterile neutrino mixing in the presence of matter potentials and
altered dispersion relations
Sebastian Hollenberg1, ∗ and Heinrich Pa¨s1, †
1Fakulta¨t fu¨r Physik, Technische Universita¨t Dortmund, D-44221 Dortmund, Germany
We investigate resonant active-sterile neutrino oscillations emergent from the interplay between
matter, CPT- and Lorentz-violating coefficients with different energy dependences. Novel and ex-
perimentally accessible resonant neutrino oscillation phenomenologies are predicted and possible
implications for observed, but yet unexplained, neutrino oscillation anomalies such as LSND and
MiniBooNE are discussed.
PACS numbers: 13.15.+g, 14.60.Pq
I. INTRODUCTION
The data released by the MiniBooNE collaboration [1] reveal a resonance-like excess of events in the low-energy
neutrino channel, but do not show a deviation from the expected oscillation pattern in the antineutrino channel. The
LSND collaboration [2] on the other hand observes an excess in the antineutrino channel. In order to understand
these yet unexplained anomalies neutrino oscillation scenarios with altered dispersion relations have been subject of
discussion in the past. Altered dispersion relations arise due to effective interactions of neutrinos with background
fields and particles or are attributable to effects of new physics, e.g. CPT-violating extensions of the standard model
[3–5] or theories with additional spacetime dimensions [6, 7]. The quantum mechanics of altered dispersion relations
models can be understood as follows:
The flavor-oscillation amplitude for a propagating neutrino state is
A (να → νβ) = 〈 νβ |e−iHt| να 〉, (1)
where the part of the Hamiltonian H proportional to the identity does not effect the flavor change and can therefore
be subtracted. The remainder can be written as δ(Ht) and under the assumption that the non-standard contributions
are small we may expand δ(Ht) = tδH +Hδt. This leaves us with
A (να → νβ) = 〈 νβ |e−i[tδH+Hδt]| να 〉. (2)
A non-vanishing second term in the exponential is unconventional and occurs if the travel times for neutrino states are
not universal. Such a theory assigns different “light-cones” to different states and thereby breaks Lorentz invariance
[8].
Matter effects [9–11] in neutrino oscillations are just one specific example of neutrino oscillations with altered
dispersion relations. The emergent effective potential in the Schro¨dinger equation describing coherent elastic forward
scattering of active neutrinos in medium discriminates between electron neutrinos which interact with matter via
both charged and neutral currents and muon and tau neutrinos which only encounter neutral current interactions.
Hypothetical SU(2) singlet “sterile” neutrinos as considered in this work would not interact at all [12]. The additional
contribution to the Hamiltonian varies linearly with the neutrino energy giving rise to resonant neutrino mixing in
matter.
Another example for altered dispersion relations are models with extra-dimensional shortcuts [13, 14] of sterile
neutrinos leading to a resonance in active-sterile neutrino mixing in this model. Shortcuts of sterile neutrinos through
an extra-dimensional bulk [6, 7] give rise to an effective potential in the Schro¨dinger equation contributing to the
sterile-sterile component of the Hamiltonian. The potential is parametrized in terms of the shortcut parameter,
which contains information about the different travel times of the sterile neutrino propagating through the extra-
dimensional bulk as well as on the brane. The effective potential for extra-dimensional shortcuts varies quadratically
with the neutrino energy. Such extra-dimensional models break Lorentz invariance and hence are one specific subset
of CPT-violating extensions of the standard neutrino oscillation framework.
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2Two problems with accommodating data in a scenario with altered dispersion relations in the sterile neutrino sector
in vacuo, e.g. motivated via extra-dimensional shortcuts, have been noted. Firstly, the resonance energies for sterile
neutrinos and antineutrinos are the same, which seems to be excluded by the latest MiniBooNE results [15]. This calls
for a mechanism capable of realizing different resonance energies for neutrinos and antineutrinos. Another problem is
that the width of the resonance in shortcut scenarios is typically too broad to provide a good fit to the experimental
data [16]. Both kind of effects can be adressed in a general framework of effective Lorentz- and CPT-violation.
In this paper we study the interplay of generic CPT-violating contributions to the neutrino oscillation Hamiltonian,
which are capable of mimicking matter effects, and scale linearly with the neutrino energy and altered dispersion
relations in the sterile sector with a different, namely quadratical, energy dependence in accord with Lorentz-violating
and/or extra-dimensional shortcut models for a 2× 2 system of active and sterile neutrino flavors. We find that such
an approach naturally breaks the CP and CPT invariance of shortcut models and leads to narrower resonance width,
which implies it can be relevant in explaining apparent neutrino oscillation anomalies.
In section II we set the stage for our analysis by reviewing the basic features of CPT-violating extensions of the
standard neutrino oscillation phenomenology and by choosing a set of parameters motivated by the experimental needs
as discussed above. In section III we show that the different energy dependences for active and sterile flavors lead
to new resonances in active-sterile neutrino mixing. The resonance energies in this model depend on the underlying
mass hierarchy of active and sterile neutrinos as well as on the relative sign of the novel potential terms, i.e. we obtain
different resonance energies for neutrinos and antineutrinos. It is even possible to establish two resonances in the
oscillation probability with a specific mass hierarchy. Moreover, we notice that the interplay between different energy
dependences can lead to a narrower resonance width as compared to minimal extra-dimensional models.
In section IV we discuss our results and briefly comment on possible extensions of our model.
II. A MODEL FOR ACTIVE-STERILE NEUTRINO OSCILLATIONS WITH ALTERED DISPERSION
RELATIONS
In Ref. [5] a minimal extension of standard model physics including all possible CPT and Lorentz symmetry-
violating Dirac- and Majorana-type couplings to left- and right-handed neutrinos has been introduced. It provides an
effective Hamiltonian heff describing neutrino oscillations. An explicit expression for heff can be derived by assuming
that low-energy physics is dominated by renormalizable Lorentz-violating operators. In the following considerations
we restrict ourselves to the propagation of one active and one sterile neutrino; we will justify this approach in the
upcoming analysis. The emergent two-state system is governed by the Schro¨dinger equation
i
d
dt
(
νa(t)
νs(t)
)
= heff
(
νa(t)
νs(t)
)
. (3)
The index a stands for the active neutrino which can be thought of as an electron, muon or tau neutrino; s refers to
the sterile neutrino. The effective Hamiltonian in this context can be written as
heff =
(
Aaa Aas
Asa Ass
)
, (4)
where the entries are given by
Aij = Eδij +
1
2E
(mlm
†
l )ij +
1
E
[(aL)
µ
pµ − (cL)µν pµpν ]ij (5)
with i, j = a, s. (aL)
µ
ij are CPT- and Lorentz-violating coefficients, whereas (cL)
µν
ij are CPT-conserving, but Lorentz-
violating. E is the neutrino energy and pµ its momentum. The usual Lorentz-conserving mass term in Eq. (5) may
be parametrized in analogy to two flavor Lorentz-conserving neutrino oscillations in vacuo
(mlm
†
l )ij = (mlm
†
l )
∗
ij =
Σm2
2
+
∆m2
2
(− cos 2θ sin 2θ
sin 2θ cos 2θ
)
, (6)
where Σm2 = m21 +m
2
2 and ∆m
2 = m22 −m21. ∆m2 is the mass splitting between one of the active neutrinos and the
sterile neutrino. The mass splitting between one (or more) sterile state(s) and the three active states is taken to be
∆m2 ≈ ∆m2LSND ≈ 1eV2 and thus we have ∆m2 ≫ ∆m2sun, ∆m2atm. In the 3 + 1 neutrino spectrum which is usually
discussed as a solution for the LSND anomaly only the largest oscillation frequency corresponding to ∆m214 ≡ ∆m2
contributes to neutrino oscillations on short baselines. Thus a two neutrino scenario is a reasonable approximation.
In astrophysical environments also other oscillation frequencies can contribute, but they are unaffected by altered
3dispersion relations only affecting the sterile neutrino which dominates the isolated state ν4. Since pµ in a model
with light propagating neutrino states can be identified with pµ = (E,−~p) ≃ E(1,−~ˆp) = Epˆµ, where ~ˆp and pˆµ denote
unit vectors, we are now prepared to explicitly make our choices for specific combinations of non-vanishing (aL)
µ
ij and
(cL)
µν
ij coefficients which is mainly guided by the model proposed in Ref. [13] to explain the LSND result [22]. As
has been noticed in the aforementioned reference the MiniBooNE neutrino oscillation signal could be explained by an
extra-dimensional model with neutrino oscillations involving active and sterile states (details of such models will be
explained later). The recent results of the MiniBooNE collaboration for the antineutrino channel, however, challenge
all explanations relying on gravitationally-driven non-standard neutrino oscillations. Those models are by construction
CP-symmetric and thus cannot accommodate experimental CP-antisymmetric observations. It is therefore promising
to keep the relevant features of shortcut models, such as the resonant neutrino oscillations, and extend the idea by
incorporating physics which is known to be CP-antisymmetric. The latter is, as one would naively conjecture, most
conveniently achieved by looking at matter effects or, as we shall henceforth do, generic CPT-violating effects which
mimic matter effects.
In a first step we are concerned with specifying the aL-type coefficient in a phenomenologically relevant way. We
assume that only (aL)
µ
aa 6= 0 and we may therefore write
1
E
(aL)
µ
ij pµ =
1
2E
2 (aL)
µ
aa pˆµE. (7)
Moreover, we introduce two new variables a and A in order to streamline notation and for practical purposes when it
comes to analyzing the emergent new resonance structures in active-sterile neutrino oscillations:
A(E) = aE, a = 2 (aL)
µ
aa pˆµ. (8)
At this stage of our analysis a few comments are in order. Our choice for (aL)
µ
aa to be the only non-vanishing aL-
type coefficient is guided by the fact that it contains the V − A coupling for coherent elastic forward scattering of
neutrinos in matter [9, 11] encoded in (aL)
0
aa. If the active neutrino is propagating through matter this coefficient
could therefore be interpreted as being proportional to the electron ne, neutron nn and proton np number densities
which cause forward neutral and charged current exchange scattering processes for the neutrinos. Assuming a with
respect to the electric charge (ne ≈ np) neutral matter accumulation we can identify
(aL)
0
ee =
√
2GF
(
ne − 1
2
nn
)
, (9)
(aL)
0
µµ = (aL)
0
ττ =
√
2GF
(
−1
2
nn
)
. (10)
Since we are primarily concerned with the phenomenology of earth-bound neutrino oscillation experiments it is
convenient to assume matter composed of light elements, i.e. np ≈ nn, which further simplifies Eqs. (9, 10). It
is obvious that in this case the matter potential A discriminates between flavors in a way that opposite signs are
obtained for electron neutrinos on the one hand and muon and tau neutrinos on the other.
Moreover, it is by no means necessary to interpret the coefficient (aL)
0
aa as a matter potential. It is always possible
to regard it as a generic CPT- and Lorentz-violating coefficient. This coefficient can then either have the same sign as
a possible matter potential term (flavor-aligned case) or the opposite sign (flavor-misaligned case) if it discriminates
between flavors. It is also possible that it does not discriminate between flavors at all (flavor-blind case).
In principle the variable a is also direction dependent. This dependence is introduced via the occurrence of the
neutrino’s 3-momentum in Eq. (8b). However, the only thing which matters for the resonance structures is the energy
dependence of the variable A. Since the contraction of the Lorentz indices in a involves a unit vector it does not entail
another energy dependence, i.e. in this parametrization A does scale linearly with the neutrino energy E.
So our model can accommodate matter effects and generic CPT violation at the same time, i.e. it might be relevant
for both long and short baseline neutrino oscillation experiments.
In a second step we now comment on the role of the cL-type coefficients. Here we choose the sterile neutrino coefficient
(cL)
µν
ss to be the only non-vanishing component. We thus write
1
E
(cL)
µν
ij pµpν =
1
2E
2 (cL)
µν
ss pˆµpˆνE
2 (11)
and introduce two new variables
B(E) = bE2, b = 2 (cL)
µν
ss pˆµpˆν . (12)
4In this parametrization the coefficient B scales quadratically with the neutrino energy and we will motivate shortly
how this energy dependence arises naturally also in models with sterile neutrinos taking shortcuts in extra spatial
dimensions. Before we delve into this subject, we note that we can impose further restrictions on (cL)
µν
. The trace
ηµν (cL)
µν
ij is unobservable due to the fact that it may be absorbed into the usual kinetic term of the Hamiltonian,
it is thus irrelevant in neutrino oscillation experiments and may be set to zero. Note, moreover, that the cL-type
coefficients are also direction dependent and b can have either sign if (cL)
µν
ij is thought of as a generic CPT-conserving
but Lorentz-violating coefficient. Again we neglect the direction dependence for the moment since we are primarily
interested in the resonance phenomenology.
Let us now review the key features of active-sterile neutrino oscillations in models with extra spatial dimensions.
We focus on a 3 + 1 dimensional Minkowskian brane, to which the standard model particles are confined, embedded
in an extra-dimensional bulk [6, 7]. Singlets under the gauge group, like sterile neutrinos, may travel freely on the
brane as well as in the bulk. Consider for example a sterile neutrino which propagates in the bulk as well as on the
brane. We are assuming in our model that the sterile neutrinos behave like classical point particles. It is then possible
to calculate the travel time of the neutrino on the brane and in the bulk via the geodesic equations. The geodesic
equations in turn explicitly contain the metric of the underlying spacetime encapsulated in the Christoffel connection
coefficients and in that sense extra-dimensional shortcut physics is model-dependent. It has been shown that for
certain spacetimes, like a spacetime exhibiting small brane fluctuations [13] or an asymmetrically-warped spacetime
[14], the travel time in the bulk tbulk will be smaller than the travel time on the brane tbrane. Moreover, since an active
neutrino flavor is confined to the brane, it appears that the sterile neutrino may take a shortcut through an extra
dimension as seen from the brane. The difference in travel times is encoded in the dimensionless shortcut parameter
ǫ, which is defined as
ǫ =
tbrane − tbulk
tbrane
. (13)
The shortcut through an extra dimension can be parametrized via the effective potential b = 2ǫ. Note that this
geometric model relies on metric shortcuts and that the equations of motion are identical for particles and antiparticles.
Thus the model prediction are CP-symmetric but Lorentz-violating. In addition to that shortcut models single out
one specific choice for the sign of b, namley b > 0, and thus represent a special class of Lorentz-violating extensions
of the standard neutrino oscillation picture.
For a detailed analysis of shortcut physics and the shortcut parameter ǫ the reader is referred to Refs. [13, 14].
We are now prepared to write down the effective Hamiltonian for our model:
heff =
Σm2
4E
+
∆m2
4E
(− cos 2θ sin 2θ
sin 2θ cos 2θ
)
+
1
2E
(
A(E) 0
0 −B(E)
)
. (14)
Since the forthcoming analysis deals with resonant neutrino oscillations it is important to know the energy dependence
of the effective potentials A and B. An explicit choice of coefficients (aL)
µ
aa and (cL)
µν
ss which goes beyond the
assumptions made above is not necessarily called for unless a detailed account of the direction dependence of the
resonance structures is sought. For the purpose of the present paper a detailed analysis of how direction dependence
effects influence, i.e. suppress or enhance, the resonant structures seems unwarranted since it strongly depends on
the explicit choice of non-vanishing components in (aL)
µ
aa and (cL)
µν
ss . We note, however, that besides the resonant
enhancement of events in oscillation experiments triggered by resonances in the oscillation probability the breakdown
of rotational symmetry also yields interesting and testable sidereal variations [17, 18]. Such variations, up to now,
have not been detected, whereas the reported excesses of events in LSND and MiniBooNE might indicate resonant
oscillations.
III. RESONANT ACTIVE-STERILE NEUTRINO OSCILLATIONS
Given the effective Hamiltonian heff of Eq. (14) it is straightforward to diagonalize this two-state system by
introducing effective mass eigenstates (
νa
νs
)
=
(
cos θ˜ sin θ˜
− sin θ˜ cos θ˜
)(
ν˜1
ν˜2
)
, (15)
where the diagonal Hamiltonian is obtained via
hdiageff = R
†heffR. (16)
5R is the rotation matrix introduced in Eq. (15); θ˜ is an effective mixing angle, ν˜1 and ν˜2 are effective mass eigentates
in the presence of A and B potentials. The effective mixing angle is calculated to obey
tan 2θ˜ =
tan 2θ
1− A+B∆m2 cos 2θ
. (17)
One readily infers from Eq. (17) that for combined A- and B-type potentials multiple resonant active-sterile neutrino
mixing solutions become possible. The condition for resonant neutrino mixing is found to be
bE2 + aE −∆m2 cos 2θ = 0 (18)
and it is easily solved to give
Eres = − a
2b
±
√( a
2b
)2
+
∆m2 cos 2θ
b
. (19)
Resonant neutrino mixing yields three distinct energy domains: Below the resonance energy vacuum mixing is re-
covered, at the resonance energy the effective mixing becomes maximal (θ˜ = π/4), while above the resonance active
and sterile neutrinos decouple and oscillations are suppressed. The relation for the resonance energy must now be
exploited in the different scenarios of flavor-alignment, flavor-misalignment and flavor-blindness. By inspecting Eq.
(19) we already notice at this stage of our analysis that a large variety of different neutrino oscillation phenomenologies
(different flavors, different signs for a and b, different mass hierarchies between one of the three active and the sterile
neutrino) can be subsumed in four distinct possible resonance phenomenologies.
However, before we delve into the details here it is instructive to rederive the well-understood resonances for the
MSW [9, 11] and extra-dimensional shortcut scenarios [13, 14]. The former is readily obtained by setting b = 0 in Eq.
(18) and invoking Eqs. (9, 10). This yields
Eres =
∆m2 cos 2θ
a
=
∆m2 cos 2θ
±√2GFne
, (20)
where for the last equals sign an electron flavor is assumed for illustrative purposes. This choice does indeed reflect
the usual MSW resonance except for we are dealing with one active and one sterile flavor. In this case of a matter
resonance for an electron flavor Eq. (20) reveals resonant neutrino mixing for two different cases. On the one hand,
for neutrinos, the sign in the denominator is positive and we therefore need sgn ∆m2 = sgn cos 2θ to obtain resonant
mixing. On the other hand it is possible to generate resonant antineutrino mixing in matter, if the mass hierarchy
is inverted, i.e. sgn ∆m2 6= sgn cos 2θ. Note, however, that it is not possible to obtain resonant mixing for both
neutrinos and antineutrinos at the same time; matter effects break CP invariance. For muon and tau neutrinos the
situation is reversed.
In the framework of active-sterile neutrino oscillations with extra-dimensional shortcuts only we readily get
Eres =
√
∆m2 cos 2θ
b
. (21)
In this context b is a positive quantity and we need a mass hierarchy sgn ∆m2 = sgn cos 2θ for resonant mixing. Here
the resonance exists for both neutrinos and antineutrinos and for all flavors at the same time which resembles the CP
symmetry of such models discussed above.
Let us now turn to Eq. (19) in order to understand the emergent new resonances in detail. It is convenient to
introduce two new variables
α =
a
2b
, β =
∆m2 cos 2θ
b
(22)
and rewrite
Eres = −α±
√
α2 + β. (23)
The relevant information now is whether α and β do have positive or negative sign. Four cases are distinguishable
and we find the possible resonance energies:
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FIG. 1: The effective mass squared as a function of the energy for the case of E++res . We choose a = 1 eV, b = 1, cos 2θ = 0.9,
∆m2 = 1 eV2, Σm2 = 15 eV2 for illustrative purposes. The red curve (top) corresponds to m22,eff, the blue curve (bottom)
corresponds to m21,eff. The minimal distance between the two curves corresponds to the position of the resonance.
1. sgn α = +1, sgn β = +1:
E++res = − |α|+
√
α2 + |β| (24)
2. sgn α = −1, sgn β = −1:
E−−res = + |α| ±
√
α2 − |β| (25)
Here the additional condition α2 ≥ |β| has to be satisfied.
3. sgn α = +1, sgn β = −1:
In this case no resonance exists.
4. sgn α = −1, sgn β = +1:
E−+res = + |α|+
√
α2 + |β| (26)
Note that E−+res > E
++
res . This will be relevant for possible neutrino oscillation phenomenologies to be discussed later.
The underlying physics of the new resonances can be understood intuitively as well. We illustrate this for the
case of a scenario with extra-dimensional shortcuts: Due to the fact that B is positive here and the term describing
shortcut-like effects has negative sign, the mass eigenstates of sterile neutrinos in the presence of shortcut potentials
are lowered with increasing energy, regardless of the particle or antiparticle nature of the neutrinos. For the case of
neutrinos in which sgn a = +1 (electron neutrinos in the case of flavor-alignment or muon/tau neutrinos for flavor-
misalignment), the mass eigenstates of the active flavor are raised and thus a resonance occurs for a mass hierarchy
where sgn ∆m2 = +1. For the inverted mass hierarchy with sgn ∆m2 = −1 the mass eigenstates are consequently
moving away from each other for increasing neutrino energy and a resonance is no longer possible.
A. Flavor-alignment
We now turn to the question which resonance structures one encounters for the different cases of flavor-alignment,
flavor-misalignment and flavor-blindness. We start by reviewing the flavor-aligned case in which the aL-type coefficient
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FIG. 2: The effective mass squared as a function of the energy for the case E−−res with α
2 > |β|. We chose a = −5 eV, b = 4,
cos 2θ = 0.9, ∆m2 = −1 eV2, Σm2 = 15 eV2 for illustrative purposes. The blue curve (bottom) corresponds to m22,eff, the red
curve (top) corresponds to m21,eff. The minimal distances between the two curves correspond to the positions of the resonances.
Note that the resonance condition is realized for two different values of the neutrino energy.
can be thought of as or at least mimicking the common matter effects. For reasons of bookkeeping we introduce a
notation in which we put all relevant information as(
neutrino flavor, sgn a, sgn b, sgn ∆m2
)
. (27)
All possible combinations for electron neutrinos in the flavor-aligned case are then given by
(νe,+,+,+) (ν¯e,−,+,+)
(νe,+,+,−) (ν¯e,−,+,−)
(νe,+,−,+) (ν¯e,−,−,+)
(νe,+,−,−) (ν¯e,−,−,−)
whereas for muon and tau neutrinos we have
(νµ,τ ,−,+,+) (ν¯µ,τ ,+,+,+)
(νµ,τ ,−,+,−) (ν¯µ,τ ,+,+,−)
(νµ,τ ,−,−,+) (ν¯µ,τ ,+,−,+)
(νµ,τ ,−,−,−) (ν¯µ,τ ,+,−,−) .
As has been mentioned earlier these combinations still carry some redundancies and can be reduced further. We do
this by introducing another shorthand notation
(neutrino flavor, sgn α, sgn β) . (28)
The possible resonance structures for the different cases then become more transparent since in Eqs. (24-26) we intro-
duced a notation Esgn α sgn βres for the emergent resonant energies. The notation (28) therefore contains information
on the resonance energies for the different flavors as well as particles and antiparticles. For electron neutrinos we find
(νe,+,+,+) → (νe,+,+) (ν¯e,−,+,+) → (ν¯e,−,+)
(νe,+,+,−) → (νe,+,−) (ν¯e,−,+,−) → (ν¯e,−,−)
(νe,+,−,+) → (νe,−,−) (ν¯e,−,−,+) → (ν¯e,+,−)
(νe,+,−,−) → (νe,−,+) (ν¯e,−,−,−) → (ν¯e,+,+) .
8For muon and tau neutrinos this yields
(νµ,τ ,−,+,+) → (νµ,τ ,−,+) (ν¯µ,τ ,+,+,+) → (ν¯µ,τ ,+,+)
(νµ,τ ,−,+,−) → (νµ,τ ,−,−) (ν¯µ,τ ,+,+,−) → (ν¯µ,τ ,+,−)
(νµ,τ ,−,−,+) → (νµ,τ ,+,−) (ν¯µ,τ ,+,−,+) → (ν¯µ,τ ,−,−)
(νµ,τ ,−,−,−) → (νµ,τ ,+,+) (ν¯µ,τ ,+,−,−) → (ν¯µ,τ ,−,+) .
We can now again subdivide our results into three different cases: For a given (anti-)particle of a fixed flavor there
are either none, one or two resonances possible. Let us illustrate this point for the electron neutrino: In the case
of (νe,+,+,+) we find one resonance energy given by E
++
res ; for (νe,+,+,−) no resonance exists; and finally for
(νe,+,−,−) there might even be two resonances at the same time with energies E−−res , if the condition α2 ≥ |β|
holds. Such is the situation for electron neutrinos only. In the light of the reported LSND and MiniBooNE neutrino
oscillation anomalies the behavior of the resonance structures under CP conjugation is of special interest. As has
been mentioned the MiniBooNE collaboration reports an anomalous excess of events in the neutrino channel, but
does not find any deviation from the standard oscillation picture for the antineutrino data. This excess of events can
be generated by resonant neutrino oscillations as has been shown earlier (see, e.g., Ref. [13]) and for this reason we
are foremost interested in setups which allow for different resonance structures for neutrinos and antineutrinos. In our
example of electron neutrinos this can indeed be established. By choosing a parameter set sgn b = −1, sgn ∆m2 = +1
we find that resonant oscillations are encountered for electron neutrinos but not for antielectron neutrinos. On the
other hand it is also possible to obtain resonant mixing for antielectron neutrinos but not for electron neutrinos
via sgn b = +1, sgn ∆m2 = −1. The novel resonance structures encountered in our model are thus capable of
matching the observed excess of events in the LSND and/or MiniBooNE oscillation experiments at least qualitatively
since the resonant behavior, encoded in sin 2θ˜, persists in the oscillation probability as written in Eq. (31). The
intriguing feature of such CPT-violating approaches is that they might be relevant for earth-bound neutrino oscillation
experiments. Eventually, we note that the resonance structures for electron neutrinos coincide with those of antimuon
and -tau neutrinos as well as the resonances for antielectron neutrinos are the same as those for muon and tau
neutrinos. Note, however, that a is an abbreviatory notation and does contain an additional flavor dependence via
(aL)
µ
aa. Thus one would not necessarily expect the resonance energies for the different flavors to be the same which
again enriches the possible implications of our model and on the other hand reveals the necessity for a detailed study
of the world’s neutrino oscillation data in our framework.
As a concluding remark we state that it is by no means necessary for the muon and tau neutrinos to have the
same sign when it comes to the aL-type coefficient. All other combinations are equally possible, i.e. sgn (aL)
µ
ee =
sgn (aL)
µ
µµ 6= sgn (aL)µττ for example.
The energy dependences of the effective mass-squared differences are depicted in Figs. 1 and 2. The resonances are
encountered for the energy for which the effective mass gap between the two curves is minimal.
B. Flavor-misalignment
Flavor-misalignment describes the case in which the sign for the aL-type coefficient is reversed with respect to the
flavor-aligned case. Thus the sign of a does not mimic common matter effects any more, but the opposite situation
when it comes to the flavor structure. We find that the resonance structures calculated for electron, muon and tau
neutrinos now hold for antineutrinos and vice versa. There is another interesting consequence for potential signals
in neutrino oscillation experiments. For the case of flavor-alignment we found that the resonance energy for electron
neutrinos, E++res , is smaller than the resonance energy for antielectron neutrinos, E
−+
res . This situation is now also
reversed. One would expect a resonance energy E−+res for antielectron neutrinos and E
++
res for electron neutrinos
depending on the sign of α. The difference in resonance energies for both cases is calculated to be∣∣∆Eνν¯∣∣ = ∣∣E−+res − E++res ∣∣ = 2 |α| . (29)
The prediction of a resonance in both neutrino and antineutrino oscillations thus allows to extract information on the
magnitude of the ratio of the CPT-violating coefficients.
Note, however, that there is still some residual ambiguity which stems from the fact that depending on the sign of α
for both the flavor-aligned as well as the flavor-misaligned case one either finds the electron or antielectron resonance
energy to be larger. One can therefore not easily distinguish between flavor-aligned and flavor-misaligned physics.
We will give an order of magnitude estimate for the CPT-violating coefficients in section IV for different physics
cases.
9C. Flavor-blindness
Flavor-blindness gives the case in which the sign for the potential a has the same sign for all flavors. Since the
aforementioned potential also includes another flavor-dependence via (aL)
µ
aa the emergent term in the Hamiltonian
is not just flavor-diagonal and can thus not simply be ignored when it comes to analyzing its impact on neutrino
oscillations. In particular we notice that the resonances for the different flavors are thus not necessarily identical. For
the case of neutrinos we find
(νe,µ,τ ,±,+,+) → (νe,µ,τ ,±,+)
(νe,µ,τ ,±,+,−) → (νe,µ,τ ,±,−)
(νe,µ,τ ,±,−,+) → (νe,µ,τ ,∓,−)
(νe,µ,τ ,±,−,−) → (νe,µ,τ ,∓,+) ,
whereas for antineutrinos the sign of a has to be reversed and sgn α, sgn β have to be changed accordingly.
D. Resonance widths
The new eigenvalue difference for the Hamiltonian heff is calculated to be
δh ≡ ∆m
2
eff
2E
=
∆m2
2E
√(
A
∆m2
− cos 2θ
)2
+
(
B
∆m2
− cos 2θ
)2
+
2AB
(∆m2)
2 + 1− 2 cos2 2θ , (30)
where it is easily seen that in the limiting case A → 0 or B → 0 we obtain the standard MSW or shortcut scenario
result for the eigenvalue difference of the effective Hamiltonian. In the model under consideration, δh differs from the
standard formalism by the square-root factor in Eq. (30) and it might thus allow to fit data with a larger ∆m2 if
the resonance energy occurs in the range of LSND/KARMEN. It is now straightforward to calculate the oscillation
probability of active-sterile neutrino mixing in the presence of effects induced via aL- and cL-type coefficients which
is given by
P (νa → νs) = sin2 2θ˜ sin2 Lδh
2
, (31)
where L is the length of the experimental baseline and
sin2 2θ˜ =
sin2 2θ(
A
∆m2 − cos 2θ
)2
+
(
B
∆m2 − cos 2θ
)2
+ 2AB
(∆m2)2
+ 1− 2 cos2 2θ
. (32)
In order to examine the resonance structure of the oscillation probability it is convenient to introduce the ratio of
sines of the effective and standard mixing angle in terms of their energy dependence
R(E) =
sin2 2θ˜
sin2 2θ
(33)
=
(
∆m2
)2
(aE −∆m2 cos 2θ)2 + (bE2 −∆m2 cos 2θ)2 + 2abE3 + (∆m2)2 (1− 2 cos2 2θ)
. (34)
The extremum points of this expression correspond to the resonance energies given by Eq. (19).
We now turn to the question in which way the presence of aL-type coefficientes modifies the width of the resonance
for shortcut-like effects in vacuo. This is interesting because shortcut-like models [13, 14] have been proposed as
one possible solution to the yet unexplained neutrino oscillation anomalies such as LSND and MiniBooNE. There
have, however, been analyses suggesting [16] that the resonance width found in scenarios with sterile neutrinos taking
shortcuts through extra dimensions is typically too broad. This problem does not persist if aL-type coefficients are
included:
It is illustrative to consider the difference in energies at Full Width Half Maximum ∆E(FWHM) for R(E). We find
equal widths for both signs of a, sgn a = ±1, in the presence of aL- and cL-type coefficients
|∆Eac(FWHM)| =
∣∣∣√α2 + β (1 + tan 2θ) − √α2 + β (1− tan 2θ)∣∣∣ ,
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FIG. 3: Energy dependence of the sine of the effective mixing angle θ˜ for neutrinos with a mass hierarchy sgn ∆m2 = +1. We
choose a = 10 eV, b = 1, cos2 2θ = 0.997, ∆m2 = 1.2 eV2 for illustrative purposes. The blue curve (left) corresponds to the
case of combined aL- and cL-type coefficients; the red curve (right) shows the resonance for cL effects only. It is obvious that
the resonance width for combined A and B potentials is narrower as compared to B potentials only. Moreover the resonance
for combined potentials is shifted to lower energies as both potentials contribute.
whereas the width for cL-type effects only is consequently given by
|∆Ec(FWHM)| =
∣∣∣√β (1 + tan 2θ)−√β (1− tan 2θ)∣∣∣ . (35)
It is obvious that the sensible definition of ∆Ec(FWHM) requires a scenario in which sgn β = +1. In this case the
ratio of the widths for combined aL- and cL-type effects and cL-type effects satisfies∣∣∣∣∆Eac(FWHM)∆Ec(FWHM)
∣∣∣∣ ≤ 1. (36)
Therefore a combination of aL and cL effects leads to narrower resonances as compared to cL-like effects only. This
behavior is illustrated for the sines of the effective mixing angles in Fig. 3.
IV. DISCUSSION
We begin our discussion by fixing a certain choice of signs for the matter-like parameter a and the shortcut-like (or
Lorentz-violating) parameter b and ∆m2. We seek a combination which establishes a resonance in neutrinos, which
will be matched with the MiniBooNE excess around EresMiniBooNE = 200 MeV, and a antineutrino resonance to be found
below the MiniBooNE value in order to match the value EresLSND = 50 MeV of LSND. This can be accommodated for
electron neutrinos in a flavor-aligned framework for example, i.e. a choice sgn a = +1, sgn b = −1 and sgn ∆m2 = −1
is required. We thus would explain both MiniBooNE and LSND via resonant neutrino oscillations and since the
antineutrino resonance lies in the kinematic region of LSND we would not expect a signal in the antineutrino channel
of MiniBooNE (which is actually not observed). For the case of two resonances, namely E−+res ≡ Eνres and E++res ≡ Eν¯res,
an order of magnitude estimate yields
|a| = 0.5× 10−8 ×
(∣∣∆m2 cos 2θ∣∣
1 eV2
)(
200 MeV
Eνres
)(
Eνres
Eν¯res
− 1
)
eV (37)
and accordingly
|b| = 10−16 ×
(∣∣∆m2 cos 2θ∣∣
1 eV2
)(
200 MeV
Eνres
)(
50 MeV
Eν¯res
)
, (38)
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where clearly Eνres > E
ν¯
res has been assumed. The matter density ρ for neutral matter composed of light elements, as
typically encountered in earth-bound neutrino oscillation experiments, on the other hand can be written as
ρ ≃ 1014 ×
( |a|
1 eV
)
g
cm3
. (39)
It is obvious that standard matter effects only cannot account for the resonance structures in our model given the
estimate on the CPT coefficients introduced above; they would be too weak by five orders of magnitude as matter
densities on earth are typically ρ ≈ 1 g/cm3. An explanation of LSND and MiniBooNE within this scenario would
thus require non-standard matter effects. Such non-standard matter effects arise, e.g. in the model proposed in
Ref. [20], where neutrino matter interactions are mediated by exchange of a light (B − L) gauge boson. Another
possibility would be CPT-violating neutrino oscillations with non-vanishing a-type coefficients and a coefficient b
which has the same order of magnitude as predicted by models with extra-dimensional shortcuts but the opposite sign
(i.e. a generic Lorentz-violating term rather than a potential generated by sterile neutrinos propagating through the
extra-dimensional bulk). The same predictions would be obtained for the case of flavor-misalignment if one chooses
sgn a = −1, sgn b = +1 and sgn ∆m2 = +1 for electron neutrinos. This case suggests extra-dimensional shortcuts in
connection with generic CPT-violating a-type coefficients mimicking matter effects as a possible explanation for the
observed resonances in both LSND and MiniBooNE since the order of magnitude estimate for b nicely matches the
one given earlier in Ref. [13].
However, this is not the only possible way to accommodate data in our model. It is also conceivable that there
only exists a resonance in the neutrino channel, as observed by MiniBooNE, and that LSND should be explained
by non-resonant neutrino oscillations [19]. This could be realized in a framework with sgn a = +1, sgn b = −1 and
sgn ∆m2 = +1 for flavor-alignment or sgn a = −1, sgn b = +1 and sgn ∆m2 = −1 for flavor-misalignment for electron
neutrinos in each case. Resonances for antineutrinos in those scenarios would be inexistent. This yields
|a|2 > 4× 10−16 ×
(∣∣∆m2 cos 2θ∣∣
1 eV2
)( |b|
10−16
)
eV2 (40)
assuming again a typical order of magnitude for b motivated by extra-dimensional shortcut scenarios; thus this
condition does not supplement the discussion much.
A third way of confronting our model with the data at hand is the following hint: The latest MiniBooNE data
in the antineutrino channel reveal a slight excess of events for an energy around 600 MeV. This finding could hint
towards an explanation of the MiniBooNE anomaly with a resonance energy of 200 MeV for the neutrino mode and
a resonance energy of 600 MeV for the antineutrino mode and could be accommodated in a shortcut-like scenario
sgn b = +1 with a mass hierarchy of sgn ∆m2 = +1, e.g. for flavor-alignment in the case of electron neutrinos, where
the LSND anomaly is due to non-resonant oscillations. Upcoming data in the MiniBooNE antineutrino mode will
show whether the enhancement in the 475 – 675 MeV energy range increases or decreases in significance [19]. For this
case the a and b coefficients obey
|a| = 0.5× 10−8 ×
(∣∣∆m2 cos 2θ∣∣
1 eV2
)(
200 MeV
Eνres
)(
1− E
ν
res
Eν¯res
)
eV (41)
as well as
|b| ≃ 0.8× 10−17 ×
(∣∣∆m2 cos 2θ∣∣
1 eV2
)(
200 MeV
Eνres
)(
600 MeV
Eν¯res
)
, (42)
respectively. This scenario again advocates an explanation not via standard matter effects but rather via generic
CPT-violating coefficients amending the common neutrino oscillation picture in the active sector. The value for b
again nicely fits the result found earlier for extra-dimensional shortcut scenarios.
V. CONCLUSIONS
We have studied the interplay between altered dispersion relations in two-state active-sterile neutrino oscillations. It
has been assumed that the active and the sterile sector exhibit different dispersion relations. Such altered dispersion
relations for active and sterile neutrinos naturally arise in scenarios with CPT and Lorentz symmetry violating
extensions of the standard model. We discussed standard matter effects and models with sterile neutrinos taking
12
shortcuts through an extra-dimensional bulk as two distinct subsets of such scenarios. It has been shown that CPT
violation effects in the active neutrino sector and altered dispersion relations with a different energy dependence for
sterile neutrinos give rise to new resonance structures in neutrino oscillation phenomena. The possible resonance
structures depend on the available parameter space for altered dispersion relations potentials, the mass hierarchy of
active and sterile neutrinos as well as the particle or antiparticle nature of neutrinos. We have shown that including
CPT-violating effects for active neutrinos in a framework with altered dispersion relations in the sterile sector (as
suggested by extra-dimensional models) enhances the possible resonance features and leads to narrower resonance
widths in comparison with altered dispersion relations for sterile neutrinos in vacuo.
Last but not least we analyzed the consequences of such scenarios in the context of the LSND and MiniBooNE
oscillation anomalies and showed that in an approach using potentials generated by CPT symmetry violation the LSND
and MiniBooNE data may be explained via non-standard terms in the neutrino oscillation Hamiltonian. Moreover it
is possible that LSND is explained by non-resonant oscillation phenomena. This approach allows for an explanation of
the observed MiniBooNE anomaly using CPT-violating effects for active neutrinos and extra-dimensional shortcuts, if
the slight excess of events in the oscillation data around 600 MeV in the antineutrino channel increases in significance.
However, even if this should prove to be not the case it is still possible in our model to accommodate experimental
findings which only reveal a resonance-like excess of events in the neutrino channel, whereas LSND could then be
explained by non-resonant oscillations. While matter effects due to standard model weak interactions turn out to be
negligible at sub-GeV energies of accelerator neutrino experiments, new interactions in standard model extensions
could give rise to non-standard CPT-violating effects affecting the analysis of the LSND and MiniBooNE anomalies.
Such non-standard effects could reduce the widths of resonance peaks and shift the resonance energies of neutrinos
with respect to the resonance energies of antineutrinos, thus improving data fits for altered dispersion relation solutions
to the LSND and MiniBooNE anomalies.
Note added:
When version 2 of this paper had been prepared for resubmission, the MiniBooNE collaboration announced an
evidence for an electron-like excess in the anti-neutrino data above 475 MeV, being consistent with the expectation
from a 2-neutrino fit to LSND [21]. As there was no such finding in the neutrino data sample, this result adds to the
interestingness of the scenarios discussed in this paper.
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